
Supplementary Material for “Hybrid and Oriented Harmonic Potentials for
Safe Task Execution in Unknown Environment”

Shuaikang Wang and Meng Guo1

Department of Mechanics and Engineering Science,
College of Engineering, Peking University, Beijing 100871, China.

Abstract

This document contains the additional definitions, proofs, algorithmic and experiment details that are omitted in the main manuscript
of “Hybrid and Oriented Harmonic Potentials for Safe Task Execution in Unknown Environment”, due to limited space. References
to the main manuscript including equations, definitions, lemmas, theorems are marked by “P[X]”.

1. Definition of Contraction-like Transformation

The transformation ΦMÑP̃pqq form a sphere world M to a
bounded point world in P[1] is given by P̃ “ O0ztP̃1, ¨ ¨ ¨ , P̃Mu.

ΦMÑPpqq fi ψ ˝ ΦMÑP̃pqq,

ΦMÑP̃pqq fi idpqq `

M
ÿ

i“1

`

1 ´ sδpq, Oiq
˘

pqi ´ qq,

ψpq̃q fi
ρ0

ρ0 ´ ||q̃ ´ q0||
pq̃ ´ q0q ` q0,

(1)

where sδpq, Oiq is the contraction-like transformation for ob-
stacle Oi, which is composed by ηδpxq ˝ σpxq ˝ bipxq as the
switch function, smoothing function and distance function, re-
spectively. The specifical definitions is introduced in Loizou &
Rimon (2022,2021) and defined as follows.

ηδpxq fi
σpxq

σpxq ` σpδ ´ xq
;

σpxq fi

"

e´1{x, x ą 0
0, x ď 0

;

and
bipxq fi }x´ Pi} ´ ρi,

where Pi P R2 is the position of the point obstacle Oi and ρi is
the radius of the sphere obstacle Oi.

2. Adaptive Obstacle Estimation

The adaptive obstacle estimation consists of three steps: clus-
tering, fitting, and decomposition. This sections will provide
technical details and practical results related to these steps.
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Clustering: Given a 2D point cloud Qt “ tq1, q2, ¨ ¨ ¨ , qNu

obtained from the LiDAR sensor at the current time step t, the
data points are divided into K clusters:

Dt “ tDt,1,Dt,2, ¨ ¨ ¨ ,Dt,Ku.

This partitioning is achieved by examining the relative distances
between consecutive points, such that:

dpqi, qjq ă δ̄1, @Dt,k P Dt, @ qi, qj P Dt,k

and

min
pℓPDt,i; pιPDt,j

dppℓ, pιq ą δ̄2, @Dt,i,Dt,j P Dt,

where dpqi, qjq is the distance between qi and qj ; δ̄1 and δ̄2 are
thresholds. This clustering process can be effectively addressed
using algorithms such as k-means or DBSCAN.

Fitting: Each cluster of point clouds can be fitted to a squir-
cle using the least squares method, formulated as a constrained
optimization problem:

min
Θk,κk

ÿ

qℓPDt,k

`

βscpqℓ,Θk, κkq
˘2

s.t.
Θ̄1 ĺ Θk ĺ Θ̄2,

0 ă κk ă 1,

where Θk fi rck, wk, hk, θks represents the geometric param-
eters; ck, wk, hk, θk and κk denote the center, width, height,
orientation, and curvature of the squircle, respectively, @k “

1, 2, ¨ ¨ ¨ ,K; Θ̄1 and Θ̄2 are the lower and upper bounds, re-
spectively. This optimization problem can be solved via general
nonlinear optimization solvers. Denote the optimal solution as
Θ‹

k and κ‹
k; then, the fitting error is given by:

Ek “
ÿ

qℓPDt,k

`

βscpqℓ,Θ
‹
k, κ

‹
kq

˘2
.

If the fitting error Ek is smaller than the threshold ek, the es-
timated model is accepted. Since the optimization problem is
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nonlinear, there may be multiple estimated models with accept-
able fitting errors; the one with the smallest area is selected.

Decomposition: If the fitting error Ek exceeds the error
threshold ek, the cluster Dt,k is decomposed into multiple seg-
ments based on the curvatures, @k “ 1, 2, ¨ ¨ ¨ ,K. Specifi-
cally, denote the set of points near qi P Dt,k as N k

i “ tqj P

Dt,k | dpqi, qjq ă r̄u, where r̄ is the radius. A quadratic func-
tion wk

i pxq is then employed to fit the set of points N k
i . The

curvature for each point qi P Dt,k is computed as follows:

κ̃ki “
wk

i pxq
2

r1 ` pwk
i pxq

1
q2s3{2

.

Next, the points in the cluster Dt,k are further decomposed into
serval segments Dt,k “ tSt,1,St,2, ¨ ¨ ¨ ,St,Lu based on the
curvatures κ̃ki , @qi P Dt,k. Similarly, if the estimated squir-
cle overlaps with the robot or the regions of interest, the cluster
should also be further decomposed. Then, each of the segments
St,ℓ is then fitted to a squircle model, @ℓ “ 1, 2, ¨ ¨ ¨ , L. This
process is repeated until all segments are fitted to squircles with
acceptable errors.

3. Online Computation of Harmonic Potentials

3.1. Independent Stars

Lemma 5. Each time an independent obstacle Ok`1 is added
to the workspace, the following holds:

(i) the online omitted product for O0 is given by

β
k`1

0 pqq “ β
k

0pqqβk`1pqq;

(ii) the online analytic switch for O0 is given by

sk`1
0 pqq “

sk0pqq

αkpqq p1 ´ sk0pqqq ` sk0pqq
,

where αkpqq “ λk`1{
`

λk βk`1pqq
˘

.

Proof. (i) By Definition P[4], W

β
k

0pqq “

k
ź

j“0,j‰i

βjpqq

at step-k and

β
k`1

0 pqq “

k`1
ź

j“0,j‰i

βjpqq

at step-pk ` 1q. Comparing these two equations, it follows that

β
k`1

0 pqq “ β
k

0pqqβk`1pqq.

(ii) By Definition P[5],

sk0pqq “
γGpqqβ

k

0pqq

λk β0pqq ` γGpqqβ
k

0pqq
,

which can be rearranged as

β
k

0pqq “
λk s

k
0pqqβ0pqq

p1 ´ sk0pqqq γGpqq
.

Further by Definition P[5] and (i),

sk`1
0 pqq “

γGpqqβ
k`1

0 pqq

λk`1 β0pqq ` γGpqqβ
k`1

0 pqq

“
γGpqqβk`1pqqβ

k

0pqq

λk`1 β0pqq ` γGpqqβk`1pqqβ
k

0pqq
.

Substituting the expression for β
k

0pqq derived earlier, it holds
that

sk`1
0 pqq “

γGpqqβk`1pqq
λk sk0 pqq β0pqq

p1´sk0 pqqq γGpqq

λk`1 β0pqq ` γGpqqβk`1pqq
λk sk0 pqq β0pqq

p1´sk0 pqqq γGpqq

“
λk s

k
0pqqβk`1pqq

λk`1 r1 ´ sk0pqqs ` λk sk0pqqβk`1pqq
.

Finally, considering

αkpqq “ λk`1{rλk βk`1pqqs,

it follows

sk`1
0 pqq “

sk0pqq

αkpqq r1 ´ sk0pqqs ` sk0pqq
.

Lemma 6. Each time an independent obstacle Ok`1 is added
to the workspace, the following holds:

(i) the online omitted product for Oi`1 is given by

β
k`1

i`1 pqq “ β
k`1

i pqq
βipqq

βi`1pqq
;

(ii) the online analytic switch for Oi`1 is given by

sk`1
i`1 pqq “

sk`1
i pqq

αipqq p1 ´ sk`1
i pqqq ` sk`1

i pqq
,

where
αipqq “ pβi`1pqqq2{pβipqqq2.

Proof. (i) By Definition P[4],

β
k`1

i pqq “

k`1
ź

j“0,j‰i

βjpqq

and

β
k`1

i`1 pqq “

k`1
ź

j“0,j‰i`1

βjpqq.

Comparing these two equations, it follows that

β
k`1

i`1 pqq “ β
k`1

i pqq
βipqq

βi`1pqq
.
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(ii) By Definition P[5],

sk`1
i pqq “

γGpqqβ
k`1

i pqq

λk`1 βipqq ` γGpqqβ
k`1

i pqq
,

which can be rearranged as

β
k`1

i pqq “
λk`1 s

k`1
i pqqβipqq

p1 ´ sk`1
i pqqq γGpqq

.

Further by Definition P[5] and (i),

sk`1
i`1 pqq “

γGpqqβ
k`1

i`1 pqq

λk`1 βi`1pqq ` γGpqqβ
k`1

i`1 pqq

“
γGpqq pβipqqq2 β

k`1

i pqq

λk`1 rβi`1pqqs2 ` γGpqq pβipqqq2 β
k`1

i pqq
.

Substituting the expression for β
k

0pqq derived earlier, it holds
that

sk`1
i`1 pqq “

γGpqq pβipqqq2
λk`1 sk`1

i pqq βipqq

p1´sk`1
i pqqq γGpqq

λk`1 pβi`1pqqq2 ` γGpqq pβipqqq2
λk`1 sk`1

i pqq βipqq

p1´sk`1
i pqqq γGpqq

“
sk`1
i pqq pβipqqq2

p1 ´ sk`1
i pqqq pβi`1pqqq2 ` sk`1

i pqq pβipqqq2
.

Finally, considering

αipqq “ pβi`1pqqq2{pβipqqq2,

it follows

sk`1
i`1 pqq “

sk`1
i pqq

αipqq p1 ´ sk`1
i pqqq ` sk`1

i pqq
.

3.2. Overlapping Stars

Lemma 7. Each time an obstacle Ok`1 is added to the workspa-
ce and overlapping with an existing obstacle, the following holds:

(i) the online omitted product for Ok`1 is given by

βk`1pqq “ βkpqq
pβkpqqq2 β̃k`1pqqβk‹ pqq

β̃kpqqβpk`1q‹ pqq
;

(ii) the online analytic switch for Ok`1 is given by:

σk`1pqq “
σkpqq

αkpqqp1 ´ σkpqqq ` σkpqq
,

where

αkpqq “
ξk`1 βk`1pqq β̃kpqqβpk`1q‹ pqq

ξk pβkpqqq3 β̃k`1pqqβk‹ pqq
.

Proof. (i) By Definition P[6],

βk`1pqq fi

´

k
ź

j“0,j‰pk`1q‹

βjpqq

¯´

ź

jPLztk`1u

βjpqq

¯

β̃k`1pqq,

and

βkpqq fi

´

k´1
ź

j“0,j‰k‹

βjpqq

¯´

ź

jPLztku

βjpqq

¯

β̃kpqq.

Comparing these two equations, it follows that

βk`1pqq “ βkpqq
pβkpqqq2 β̃k`1pqqβk‹ pqq

β̃kpqqβpk`1q‹ pqq
.

(ii) By Definition P[7],

σkpqq “
γGpqqβkpqq

ξk βkpqq ` γGpqqβkpqq
,

which can be rearranged as

βkpqq “
ξk σkpqqβkpqq

p1 ´ σkpqqq γGpqq
.

Further by Definition P[7] and (i),

σk`1pqq “
γGpqqβk`1pqq

ξk`1 βk`1pqq ` γGpqqβk`1pqq

“
γGpqq ξk rβkpqqs3 β̃k`1pqqβk‹ pqqβkpqq

´

ξk`1 βk`1pqq β̃kpqqβpk`1q‹ pqq

`γGpqq ξk rβkpqqs3 β̃k`1pqqβk‹ pqqβkpqq

¯

Substituting βkpqq results that

σk`1pqq “
σkpqq

αkpqq r1 ´ σkpqqs ` σkpqq

with

αkpqq “
ξk`1 βk`1pqq β̃kpqqβpk`1q‹ pqq

ξk rβkpqqs3 β̃k`1pqqβk‹ pqq
.
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